
Some Conjectures of Elliptic Curves

(Notes from Tim Dokchitser)

Ranks

Conjecture

There exists elliptic curves over Q of arbitrarily large rank.

Current record: Rank = 28 (Elkies)
For over Qptq, also unbounded?
For over Fpptq, known to be unbounded. (Shafarevich-Tate)
For a �xed E{Q : y2 � fpxq, look at the family of its "quadratic twists".

Ed : dy2 � fpxq, d P Q� {Q�2

In such a family,

Conjecture 1 (Honda)

Rank is bounded.

Conjecture 2

Rank is unbounded.

Conjecture 3 (Gold�eld)

rkpEdq � 0 for 50% d's

� 1 for 50% d's

¡ 1 for 0% d's pstill in�nitely manyq

Selmer and X

Recall the Kummer sequence

0 ÝÑ EpQq
mEpQq ÝÑ H1pGQ, Ermsq ÝÑ H1pGQ, EpQqqrms ÝÑ 0

(not hard) (very hard)

where we do not need the Erms � EpQq for the last term.
Restrict to "everywhere locally trivial classes".

De�nition

The m-Selmer Group

SelpmqpE{Qq :�
£

v places of Q
ker

�
H1pGQ, Ermsq Ñ H1pGQv

, EpQvqq
�

The Tate-Shafaravich Group

XpE{Qq �
£

v places of Q
ker

�
H1pGQ, EpQqq Ñ H1pGQv

, EpQvqq
�

We get an exact sequence

0Ñ EpQq
mEpQq ÑSelpmqpE{Qq Ñ XpE{Qqrms Ñ 0

�nite group
(we proved this)
"computable"

obstruction
to m-descent
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If XpE{Kqrms � 0, one can �nd EpQq{mEpQq and therefore EpQq. p�q.

Example

For E{Q : y2 � xpx� 3qpx� 6q, we found Selp2q

Conjecture ("Shafarevich-Tate")

XpE{Qq is �nite.
( ùñ p�q is okay for all but �nitely many m � p primes.)
Known that if X is �nite, then |X| is a square. (Cassels)

The Birch and Swinnerton-Dyer Conjecture

E{Q elliptic curve is global minimal model.

De�nition Zeta Function

ZE{Qpsq �
¹
p

ζ
rE{Fp

pp�sq

�
¹
p

Fppp�sq
p1� p�sqp1� p1�sq

� ζpsqζp1� sq
LpE, sq

with

LpE, sq �
¹
p

1

Fppp�sq rL� function of s

with

FppT q �

$''&
''%

1� apT � pT 2 p - ∆E , ap � p� 1�# rEpFpq
1� T p split multiplicative
1� T p non-split multiplicative
1 p additive

with the �rst case being the most di�cult case.
Alternatively,

FppT q � detp1� Frob�1T pV Ipqq
V � pTlE bQlq� r� H1

étpE,Qlq for any l � ps

Remark

LpE, sq �
¹
p-∆E

1

1� app�s � p1�2s
�
¹
p|∆E

1

1� app�s
, ap � p� 1�# rEpFpq in all cases

�
8̧

n�1

an
ns

(i) an P Z, depend on E

(ii) same ap as above for n � p prime

(iii) |an| ¤ 2
?
n by Hasse

So this Dirichlet series converges for ℜpsq ¡ 3{2.
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De�nition

L�pE, sq � Γ
�s
2

	
Γ

�
s� 1

2


�?
n

π


s

LpE, sq

where N is the conductor of E. (from GQ ãÑ TlE)

Theorem (Wiles; Taylor-Wiles; Breuil-Conrad-Diamond-Taylor)(1996)

LpE, sq analytic on C satis�es

L�pE, sq � � L�pE, 2� sq
ë root number of E{Q

[Also true over totally real number �elds with 'analytic' replaced by 'meromorphic' (Taylor)]

Conjecture (BSD-I)

For E{Q,
rkE{Q � ords�1LpE, sq � r

arithmetic
rank

analytic
rank

Conjecture (BSD-II)

sÑ 1
lim

LpE, sq
ps� 1qr �

Ω �R �± cp|X|
|#EpQqtors|2

R = regulator = detp ,¡q on EpQq/torsion
cp � rEpQpq : E0pQpqs Tamagawa number

Ω �
"

real period if EpRq connected
2� real period otherwise

�³8
�8

dx
2y�a1x�a3

�

Some Known Facts

• If E � E1 isogenous, then TlE � TlE
1 for almost all l, so as expected,

� rkE{Q � rkE1{Q
� BSDE{Q � BSDE1{Q (Cassels) [none of the individual terms have to be equal]

• If ords�1LpE, sq ¤ 1, then BSD-I is true, X is �nite� BSD-II is true "upto a few primes"
(Coates-Wiles, Kolyragin, Gross-Zagier,Rubin,. . . )

• (Parity Conjecture) If X � Q{Z (- an enormous in�nite group), then rkE{Q � ords�1LpE, sq
mod 2

• True, numerically, for millions of curves

• BSD I not known for a single elliptic curve of rank ¥ 4

• BSD II not known for a single elliptic curve of rank ¥ 2

• Analogue (BSD-Tate) for abelian varieties over number �elds
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